By using the modified Green-Schrödinger function, we consider the Dirichlet problem with respect to the stationary Schrödinger operator with continuous data having an arbitrary growth in the boundary of the cone. As an application of the modified Poisson-Schrödinger integral, the unique solution of it is also constructed.
Introduction and main theorem
We denote the n-dimensional Euclidean space by R n , where n ≥ . The sets ∂E and E denote the boundary and the closure of a set E in R n . Let |V -W | denote the Euclidean distance of two points V and W in R n , respectively. Especially, |V| denotes the distance of two points V and O in R n , where O is the origin of R n .
We introduce a system of spherical coordinates (τ , The surface area π n/ { (n/)} - of S n- is denoted by w n . Let ⊂ S n- , and denote a point (, ) and the set { ; (, ) ∈ }, respectively. For two sets ⊂ R + and ⊂ S n- , we denote
where R + is the set of all positive real numbers. For the set ⊂ S n- , a cone H n ( ) denote the set R + × in R n . For the set E ⊂ R, C n ( ; I) and S n ( ; I) denote the sets E × and E × ∂ , respectively, where R is the set of all real numbers. Especially, S n ( ) denotes the set S n ( ; R + ). Let A a denote the class of nonnegative radial potentials
This article is devoted to the stationary Schrödinger equation
for V ∈ C n ( ), where n is the Laplace operator and a ∈ A a . These solutions are called harmonic functions with respect to SSE a . In the case a =  we remark that they are harmonic functions. Under these assumptions the operator SSE a can be extended in the usual way from the space C
). We will denote it SSE a as well. This last one also has a Green-Schrödinger function 
be the eigenvalues of the eigenvalue problem for on (see, e.g.,
The corresponding eigenfunctions are denoted by ϕ jv ( ≤ v ≤ v j ), where v j is the multiplicity of λ j . We set λ  = , norm the eigenfunctions in L  ( ), and ϕ  = ϕ  > .
We wish to ensure the existence of λ j , where j = , ,  . . . . We put a rather strong as- Given a continuous function f on S n ( ), we say that h is a solution of the DirichletSchrödinger problem in H n ( ) with f , if h is a harmonic function with respect to SSE a in H n ( ) and
The solutions of the equation
are denoted by P j (τ ) (j = , , , . . .) and Q j (τ ) (j = , , , . . .), respectively, for the increasing and non-increasing cases, as τ → +∞, which is normalized under the condition P j () = Q j () =  (see [] , Chap. ). In the sequel, we shall write P and Q instead of P  and Q  , respectively, for the sake of brevity. We shall also consider the class B a , consisting of the potentials a ∈ A a such that there exists a finite limit
B a , then the generalized harmonic functions are continuous (see [] ).
In the rest of this paper, we assume that a ∈ B a and we shall suppress the explicit notation of this assumption for simplicity. Denote
It is well known (see [] ) that in the case under consideration the solutions to equation (.) have the asymptotics
where d  and d  are some positive constants.
The Green-Schrödinger function G( ; a)(V , W ) (see [] , Chap. ) has the following expansion:
for a ∈ A a , where V = (τ , ), W = (ι, ϒ), τ = ι, and χ (s) = w(Q  (τ ), P  (τ ))| τ =s is their Wronskian. The series converges uniformly if either τ ≤ sι or τ ≤ sι ( < s < ). For a nonnegative integer m and two points V = (τ , ), W = (ι, ϒ) ∈ H n ( ), we put
The modified Green-Schrödinger function can be defined as follows (see [] , Chap. ):
for two points V = (τ , ), Q = (ι, ϒ) ∈ H n ( ), then the modified Poisson-Schrödinger case on cones can be defined by
accordingly, which has the following growth estimates (see [] ):
for any V = (τ , ) ∈ H n ( ) and W = (ι, ϒ) ∈ S n ( ) satisfying τ ≤ sι ( < s < ), where M(n, m, s) is a constant dependent of n, m, and s. We remark that
In this paper, we shall use the following modified Poisson-Schrödinger integrals (see [] ):
where f (W ) is a continuous function on ∂H n ( ) and dσ W is the surface area element on S n ( ).
For more applications of modified Green-Schrödinger potentials and modified PoissonSchrödinger integrals, we refer the reader to the papers (see [, ]).
Recently, Huang and Ychussie (see [] ) gave the solutions of the Dirichlet-Schrödinger problem with continuous data having slow growth in the boundary.
Theorem A If f is a continuous function on ∂H
It is natural to ask if the continuous function f satisfying (.) can be replaced by continuous data having an arbitrary growth property in the boundary. In this paper, we shall give an affirmative answer to this question. To do this, we also construct a modified PoissonSchrödinger kernel. Let φ(l) be a positive function of l ≥  satisfying
Denote the set
by π (φ, j). Then  ∈ π (φ, j). When there is an integer N such that π (φ, N) = and π (φ, N + ) = , denote
of integers. Otherwise, denote the set of all positive integers by J (φ). Let l(j) = l (φ, j) be the minimum elements l in π (φ, j) for each j ∈ J (φ). In the former case, we put l(N + ) =
where V ∈ H n ( ) and W = (ι, ϒ) ∈ S n ( ).
The new modified Poisson-Schrödinger kernel PI( ; a, φ)(V , W ) is defined by
where V ∈ H n ( ) and W ∈ S n ( ).
As an application of modified Poisson-Schrödinger kernel PI( ; a, φ)(V , W ), we have the following.
Theorem Let g(V ) be a continuous function on S n ( ). Then there is a positive continuous function
is a solution of the Dirichlet-Schrödinger problem in H n ( ) with g.
Main lemmas
Lemma  Let φ(l) be a positive continuous function of l ≥  satisfying
Proof We can choose two points V = (τ , ) ∈ H n ( ) and W = (ι, ϒ) ∈ S n ( ), satisfying (.). Moreover, we also can choose an integer
Hence we have from (.), (.), and (.)
which is the conclusion.
Lemma  (see []) Let g(V )
be a continuous function on S n ( ) and V (V , W ) be a locally integrable function on S n ( ) for any fixed V ∈ H n ( ), where W ∈ S n ( ). Define
for any V ∈ H n ( ) and any W ∈ S n ( ).
Suppose that the following two conditions are satisfied: (I) For any Q ∈ S n ( ) and any > , there exists a neighborhood B(Q ) of Q such that 
for any positive real number R. Then
for any W ∈ S n ( ).
Proof of Theorem
Take a positive continuous function φ(l) (l ≥ ) such that
For any fixed V = (τ , ) ∈ H n ( ), we can choose a number R satisfying R > max{, r}. Then we see from Lemma  that where W ∈ S n ( ) and W ∈ S n ( ). Then (.) holds. Thus we complete the proof of the theorem.
